Abstract. We present a new method for finding the cohomology ring of the Kontsevich moduli space M 0,0 (P n−1 , d) of stable maps to projective space. Consider the birational map
Introduction
Let n ≥ 2. The Kontsevich moduli space M 0,0 (P n−1 , d), or the moduli space of stable maps of degree d to projective space, has been quite useful since its construction in 1994. But still the cohomology ring of M 0,0 (P n−1 , d) is not well understood. We present in this paper our approach to calculating the cohomology ring of M 0,0 (P n−1 , d) by Geometric Invariant Theory (GIT). The techniques involved are the Atiyah-Bott-Kirwan theory [11, 12, 13] , variation of GIT quotients [3, 17] , the blow-up formula [7] and construction of stable maps by elementary modification [9, 2] .
Given an n-tuple (f 1 , · · · , f n ) of degree d homogeneous polynomials in homogeneous coordinates t 0 , t 1 of P 1 , we have a morphism (f 1 : · · · : f n ) : P 1 → P n−1 if f 1 , · · · , f n have no common zeros. Thus we have an SL(2)-invariant rational map ψ 0 : P(Sym d (C 2 ) ⊗ C n ) M 0,0 (P n−1 , d) which induces a birational map
By [11, 12, 13] , the cohomology ring of the SL(2)-quotient of a projective space is easy to determine. Therefore, if we can decomposeψ 0 into a sequence of blowups and blow-downs and describe the blow-up/-down centers explicitly, then it is possible to calculate the cohomology ring of M 0,0 (P n−1 , d) by the blow-up formula [7, p.605 ].
When d = 1,ψ 0 is an isomorphism. When d = 2, it is proved in [9, §4] that ψ 0 is the inverse of a blow-up, i.e. M 0,0 (P n−1 , 2) is the blow-up of P(Sym 2 (C 2 ) ⊗ C n )//SL(2) along P(Sym 2 C 2 ) × P n−1 //SL(2) = P n−1 . Using this, we prove the following in §3. (ρ + 2α + ξ) n + (ρ − 2α + ξ) n , ξ n ρ where ξ, ρ, and α 2 are generators of degree 2, 2, 4 respectively. ( 2) The Poincaré polynomial P t (M 0,0 (P n−1 , 2)) = k≥0 t k dim H k (M 0,0 (P n−1 , 2)) is (1 − t 2n+2 )(1 − t 2n )(1 − t 2n−2 )
(1 − t 2 ) 2 (1 − t 4 ) .
(3) The Picard group of M 0,0 (P n−1 , 2) is Pic(M 0,0 (P n−1 , 2)) = Z ⊕ Z for n ≥ 3 Z for n = 2
The ring structure turns out to be equivalent to the description of Behrend-O'Halloran [1, Proposition 4.27], which is given in terms of recursive formulae for relations. The Poincaré polynomial is identical to the calculation of Getzler and Pandharipande [6] . The rational Picard group Pic(M 0,0 (P n−1 , 2)) ⊗ Q was calculated by Pandharipande [16] .
In this paper, our focus is laid on the case where d = 3. We prove the following in §5. Theorem 1.2. The birational mapψ 0 is the composition of three blow-ups followed by two blow-downs. The blow-up centers are respectively, P n−1 , M 0,2 (P n−1 , 1)/S 2 (where S 2 interchanges the two marked points) and the blow-up of M 0,1 (P n−1 , 2) along the locus of three irreducible components. The centers of the blow-downs are respectively the S 2 -quotient of a (P n−2 ) 2 -bundle on M 0,2 (P n−1 , 1) and a (P n−2 ) 3 /S 3 -bundle on P n−1 . In particular,ψ 0 is an isomorphism when n = 2.
Here of course, S k denotes the symmetric group on k letters. Let P 0 = P(Sym 3 (C 2 )⊗C n ) s be the stable part of P(Sym 3 (C 2 )⊗C n ) with respect to the action of SL(2) induced from the canonical action on C 2 . The equivariant cohomology ring H * SL(2) (P 0 ) is easy to determine by the method of [13, §6] . Let P 1 be the blow-up of the locus of n-tuples of homogeneous polynomials having three common zeros (or, base points). We get P 2 by blowing up P 1 along the proper transform of the locus of two common zeros and let P 3 be the blow-up of P 2 along the proper transform of the locus of one common zero. Then we can construct a family of stable maps of degree 3 to P n−1 parameterized by P 3 by using elementary modification and thus we obtain an SL(2)-invariant morphism ψ 3 : P 3 −→ M 0,0 (P n−1 , 3).
The proper transform of the exceptional divisor of the second blow-up turns out to be a P 1 -bundle on a smooth variety and the normal bundle is O(−1) on each fiber. So, we can blow down this divisor and obtain a complex manifold P 4 . Further, the proper transform of the exceptional divisor of the first blow-up now becomes a P 2 -bundle on a smooth variety and the normal bundle is O(−1) on each fiber. Hence we can blow down P 4 to obtain P 5 . The morphism ψ 3 is constant along the fibers of the blow-downs P 3 → P 4 → P 5 and factors through a holomorphic map ψ 5 : P 5 −→ M 0,0 (P n−1 , 3) which induces ψ 5 : P 5 /SL(2) −→ M 0,0 (P n−1 , 3).
We can check that this is bijective and thereforeψ 5 is an isomorphism of projective varieties by the Riemann existence theorem [8, p.442] , because M 0,0 (P n−1 , 3) is a normal projective variety. Thus we obtain an isomorphism
SL(2) (P 5 ) and upon computing the equivariant cohomology ring H * SL(2) (P 5 ), via the blowup formula, from H * SL(2) (P 0 ) we obtain the cohomology ring of M 0,0 (P n−1 , 3). In summary, we have the following diagram.
In §6, we prove the following from the above construction.
(2) The rational cohomology ring of
where ξ, ρ 3 are degree 2 classes, σ, ρ 2 2 , α 2 are degree 4 classes, and ρ 3 1 is a degree 6 class. The rational cohomology ring of
The generators are 1 3 H and ∆ for n ≥ 3 and 1 3 H for n = 2, where ∆ is the boundary divisor of reducible curves and H is the locus of stable maps whose images meet a fixed codimension two subspace in P n−1 .
It may be possible to find the cohomology ring of M 0,0 (P n−1 , 3) for all n from Theorem 1.2 and the blow-up formula in §2.2 but we found the calculation too difficult to carry out. So we content ourselves with the P ∞ case and the P 1 case. The above description of H * (M 0,0 (P ∞ , 3)) is equivalent to the description of Behrend-O'Halloran [1, Theorem 4.15] and the Poincaré polynomial is equivalent to the calculation given by Getzler and Pandharipande [6] . The rational Picard group Pic(M 0,0 (P n−1 , 3)) ⊗ Q was calculated by Pandharipande [16] but the calculation of the integral Picard group seems new.
There are other useful approaches for calculation of H * (M 0,0 (P n−1 , d)). In [1], Behrend and O'Halloran describes their approach by utilizing C * action and the method of Akildiz-Carrell. In particular, they calculate the cohomology ring for d = 2 and make a conjecture about H * (M 0,0 (P n−1 , 3)), which is proved there for n ≤ 6. In [15] , Mustata and Mustata define a larger ring
as the invariant subring of T * with respect to a finite group action. Using this, they prove the conjecture of Behrend and O'Halloran for the d = 3 case. In [6] , Getzler and Pandharipande calculate the Betti numbers of M 0,0 (P n−1 , d) by using the Hodge-Deligne polynomial. Our approach is totally different from the above and relies only on elementary tools and GIT. In a subsequent paper, we shall work out the case for d = 4 and higher.
2. Preliminaries 2.1. Kontsevich moduli space. The Kontsevich moduli space M 0,k (P n−1 , d) or the moduli space of stable maps to P n−1 of genus 0 and degree d with k marked points is a compactification of the space of smooth rational curves of degree d in P n−1 with k marked points. It is the coarse moduli space of morphisms f : C → P n−1 of degree d where C are connected nodal curves of arithmetic genus 0 with k nonsingular marked points p 1 , · · · , p k on C such that the automorphism groups of (f, p 1 , · · · , p k ) are finite. Here, an automorphism of a stable map means an automorphism φ : C → C that satisfies f • φ = f and that fixes the marked points. See [5] for the construction and basic facts on M 0,k (P n−1 , d). For d = 2, there can be only two topological types for C; C = P 1 or C = P 1 ∪ P 1 glued at one point. For d = 3, there are four topological types of C as the number of irreducible components is 1, 2, 3 or 4. By [5, 10] , M 0,k (P n−1 , d) is a normal irreducible projective variety with at worst orbifold singularities.
2.2.
Cohomology of blow-up. We recall a few basic facts on the cohomology ring of a blow-up along a smooth submanifold from [7] . To begin with, we consider the cohomology ring of a projective bundle π : PN → Y where N is a vector bundle of rank r. Let ρ = c 1 (O PN (1)) and consider the exact sequence
where Q is the cokernel of the tautological monomorphism O(−1) → π * N . By the Whitney formula, (1 − ρ)(1 + c 1 (Q) + c 2 (Q) + · · · ) = 1 + c 1 (N ) + · · · + c r (N ). By expanding, we obtain c r (Q) = ρ r + ρ r−1 c 1 (N ) + · · · + c r (N ) = 0 because Q is a vector bundle of rank r − 1. By spectral sequence, we see immediately that this is the only relation on H * (Y ) and ρ. In other words,
Example. Let Y = BC * = P ∞ be the classifying space of C * and let α = c 1 (EC * × C * C) where C * acts on C with weight 1. Let N be a vector space on which C * acts with weights w 1 , · · · , w r . Then the rational equivariant cohomology ring of the projective space PN is
Let X be a connected complex manifold and ı : Y ֒→ X be a smooth connected submanifold of codimension r. Let π :X → X be the blow-up of X along Y and Y = P Y N be the exceptional divisor where N is the normal bundle of Y . From [7, p .605], we have an isomorphism
of vector spaces where
because ρ is supported inỸ . Finally, we have the relation
in the cohomology ring H * (X). For the left hand side of (2.1) restricts to a relation on the projective bundleỸ and thus it comes from a class in H * (X) which has support in Y . By the Thom-Gysin sequence, we have an exact diagram 
Remark. Everything in this subsection holds true for equivariant cohomology rings when there is a group action on X preserving Y . For we can simply replace X and Y by the homotopy quotients X G = EG× G X and Y G = EG× G Y respectively, where EG is a contractible free G-space and
2.3. Atiyah-Bott-Kirwan theory. Let X be a smooth projective variety on which a complex reductive group G acts linearly, i.e. X ⊂ P N for some N and G acts via a homomorphism G → GL(N + 1). We denote by X s (resp. X ss ) the open subset of stable (resp. semistable) points in X. Then there is a stratification {S β |β ∈ B} of X indexed by a partially ordered set B such that X
ss is the open stratum S 0 and the Gysin sequence for the pair (U β = X − ∪ γ>β S γ , U β − S β ) splits into an exact sequence in rational equivariant cohomology
where λ β is the codimension of S β . As a consequence, we obtain an isomorphism
of vector spaces and an injection of rings
where T is the maximal torus of G, W the Weyl group, F the set of T -fixed components F , i F : F ֒→ X the inclusion. Hence by finding the image of H j−2λ(β) G (S β ) for β = 0 in F ∈F H * T (F ), we can calculate the kernel of the surjective homomorphism κ :
induced by the inclusion X ss → X. Often H * G (X) is easy to calculate and in that case we can calculate the cohomology ring of H * G (X ss ) which is isomorphic to H * (X//G) when X ss = X s . See [11, 13] for details.
The case n = 1 is worked out in [11] and the general case is straightforward. In case d = 2m even, the equivariant Poincaré series P
Example. Let G = SL(2) act on C 2 in the obvious way and trivially on C n . Let P 0 be the semistable part of P = P(Sym 2 (C 2 ) ⊗ C n ) with respect to the action of G. Let us determine the equivariant cohomology ring H * G (P 0 ). From the previous subsection, we have an isomorphism of rings
where ξ is the equivariant first Chern class of O(1) because the weights of the action of the maximal torus T = C * on Sym 2 (C 2 ) ⊗ C n are 2, 0, −2, each with multiplicity n. By the localization theorem, we have an inclusion
. There is only one unstable stratum S β in P, namely GZ 2 = GZ −2 . The composition of the Gysin map
is the multiplication by the Euler class of the normal bundle to S β because Z 2 , Z −2 ⊂ S β . Hence
as the normal bundle to Z ±2 in P has Euler class (ξ ∓ 2α) n (ξ ∓ 4α) n and the normal bundle to Z ±2 in S β has Euler class ∓2α. Since Z 0 is disjoint from S β , i * 0 • j * (1) = 0. It is easy to see that
is the unique element in H * (2.3) and similarly any element in the image of j * is of the form
for a polynomial f (ξ, α). Consequently, we have an isomorphism of rings
Example. Let P 0 be the stable part of P = P(Sym 3 (C 2 ) ⊗ C n ) with respect to the action of G = SL(2). As above, the action on C n is trivial and the action of G on C 2 is the obvious one. As in the previous example, we can calculate the cohomology ring
We leave the verification as an exercise.
Stability after blow-up.
We recall a few basic results about GIT stability from [12, §3] . Let G be a complex reductive group acting on a smooth variety X with a linearization on an ample line bundle L. Let Y be a nonsingular G-invariant closed subvariety of X and let π :X → X be the blow-up of X along Y with
is very ample for d sufficiently large and the action of G on L lifts to an action on L d . With respect to this linearization, we consider the (semi)stability of points inX. We recall the following ( [12, (3.2) and (3.3)]):
is the union of some of the strataS β described in [11] . (See [12, (3.4) ].) For G = SL(2), the indexing β are the weights of the actions of the maximal torus C * , on the fibers of L d at C * -fixed points in π −1 (X ss ).
2.5. Variation of GIT quotients. We recall the variation of Geometric Invariant Theory (GIT) quotients from [3, 17] . Let G = SL(2) and let X be an irreducible smooth projective variety acted on by G. Since G is simple, there exists at most one linearization on any ample line bundle L on X. Let L 0 and L 1 be two ample line bundles on X with G-linearizations for which semistability coincides with stability.
Then we have the following.
(1) [0, 1] is partitioned into subintervals 0 = t 0 < t 1 < · · · < t n = 1 such that on each subinterval (t i−1 , t i ) for 1 ≤ i ≤ n, the GIT quotient X// t G with respect to L t remains constant.
(2) The walls t i are precisely those ample line bundles L t for which there exists x ∈ X where the maximal torus C * of G fixes x and acts trivially on the fiber of L t over x.
Let τ = t i be such a wall and let X 0 be the union of G-orbits of all such x as in (2) for τ . Let τ ± = τ ± δ for sufficiently small δ > 0 and let
ss ( * ) be the set of semistable points with respect to L * for * = 0, +, −. Let X ± = X ss (0) − X ss (∓) and let X//G( * ) be the quotient of X with respect to L * for * = 0, +, −. Let v ± be the weight of the C * action on the fiber of L ± at x ∈ X 0 . Suppose (v + , v − ) = 1 and the stabilizer of x is C * for x ∈ X 0 . Then we have the following.
(3) Let N be the normal bundle to X 0 in X and N ± be the positive (resp. negative) weight space of N . Then X ± //G is the locally trivial fibration over X 0 //G with fiber weighted projective space P(|w
and Sym 2 C 2 in the obvious way and trivially on C n . Let us study the variation of the GIT quotient X// (1,m) G as we vary the line bundle O(1, m). The weights of the maximal torus C * on Sym 2 C 2 are 2, 0, −2 and the weights on C 2 ⊗ C n are 1, −1. Hence, there is only one wall, namely at m = 2, and X 0 is the union of the G-orbits of {t 2 0 } × P(t 1 ⊗ C n ) ∼ = P n−1 where t 0 , t 1 are homogeneous coordinates of P 1 . The normal bundle N to X 0 has rank n and the positive weight space N + has rank n−1 while the negative weight space N − has rank 1.
, namely the projective tangent bundle PT P n−1 , and
Degree two case
In this section, we work out the degree two case as a warm-up. We prove the following. (
where ξ, ρ, and α 2 are generators of degree 2, 2, 4 respectively.
Item (1) is Theorem 4.1 in [9] . We include the proof of (1) for reader's convenience. Let W = W 2 = Sym 2 C 2 and V = C n . Let G = SL(2) act on W in the obvious way and trivially on V . An element x in P(W ⊗ V ) is represented by an n-tuple of homogeneous quadratic polynomials in two variables t 0 , t 1 . We call the common zero locus in P 1 of such n-tuple, the base points of x. Let P 0 be the open subset of semistable points in P(W ⊗ V ) with respect to the action of G. Let Σ k 0 ⊂ P 0 be the locus of k base points for k = 0, 1, 2 so that we have a decomposition
. For x ∈ P 0 to have two base points, the n homogeneous polynomials representing x should be all linearly dependent and hence
ss where the superscript ss denotes the semistable part with respect to O(1, 1).
Let π 1 : P 1 → P 0 be the blow-up along the smooth closed variety Σ We claim that there is a family of stable maps to PV of degree 2 parameterized by P s 1 , which gives us a G-invariant morphism
and thus a morphismψ 1 :
is the space of all holomorphic maps from P 1 to PV of degree 2. Since semistability coincides with stability for P 1 , P s 1 /G is irreducible projective normal and so is M 0,0 (P n−1 , 2) because P n−1 is convex. Therefore, to deduce that ψ 1 is an isomorphism, it suffices to showψ 1 is injective.
To construct a family of stable maps parameterized by P s 1 , we start with the evaluation map W * ⊗ (V ⊗ W ) −→ V which gives rise to
Hence we have a rational map
which is a morphism on the open set
, we can choose homogeneous coordinates t 0 , t 1 of P 1 such that x is represented by an n-tuple of homogeneous quadratic polynomials which are all linear combinations of t 2 0 and t 0 t 1 . So x is a strictly semistable point in P 0 whose orbit closure intersects with Σ 2 0 . Hence x becomes unstable in P 1 (see [12, §6] ). The proper transform of Σ 
Therefore, we obtain a diagram
The first map is a flat family of semistable curves and the restriction of the second map to each fiber of π is a degree 2 map. Further f factors through the contraction of the middle components in Γ 1 over the exceptional divisor of π 1 . So we get a family of stable maps to P n−1 of degree 2 parameterized by P s 1 and thus a morphism
. By construction, ψ 1 is G-invariant and factors through a morphismψ 1 :
The locus Σ 0 0 of no base points is the set of all holomorphic maps
) is the locus of stable maps of degree two with two irreducible components and thus M 0,0 (P n−1 , 2)−ψ 1 (Σ 0 0 ) is a (P n−2 ×P n−2 )/S 2 bundle on P n−1 . P n−1 determines the image of intersection point of the two irreducible components and (P n−2 × P n−2 )/S 2 determines the pair of lines in P n−1 passing through the chosen point.
On the other hand, let
and Γ 1 over C is the blow-up of P 1 × C along {0, ∞} × {0}. By direct local computation, we see immediately that the morphism constructed above Γ 1 → P n−1 at λ = 0 is the map of the tree of three P 1 's, whose left (resp. right) component is mapped to the line joining (a j ) and (b j ) (resp. (c j )), and whose middle component is mapped to the point (a j ). This proves thatψ 1 is bijective.
Next we study the cohomology ring of M 0,0 (P n−1 , 2). By the isomorphism
and by (2.4), we have
where ξ and α 2 are generators of degree 2 and 4 respectively.
By the blow-up formula [7, p .605], we have
To find the ring H * G (P 1 ), we need to compute the normal bundle N to the blow-up center (P 2 × P n−1 ) ss . Let K and C be respectively the kernel and cokernel of the composition
and O ֒→ O(1)
where ξ 1 = c 1 (O(1, 0)) and ξ 2 = c 1 (O(0, 1)). Therefore,
If we restrict to the semistable part (P 2 × P n−1 ) ss where ξ 1 = 0, we obtain ch(Hom(K, C)) = e 2α (ne
with ξ = ξ 2 and thus the Chern classes are given by
for a formal variable t. The restriction of the Poincaré dual of the blow-up center to the exceptional divisor is the constant term in t of the above polynomial. Hence the difference between the constant term and the Poincaré dual of the blow-up center is a multiple of ξ n because ξ n generates the kernel of the restriction homomorphism
Therefore, by Proposition 2.1
for some homogeneous polynomial q(ρ, ξ, α) of degree n − 2. Now, we subtract out the unstable part in P 1 . By the recipe of [12] , we obtain
The above normal bundle N splits into the direct sum of two subbundles N + and N − with respect to the weights. Their Chern classes are the coefficients of the polynomials in t (t + 2α + ξ) n − ξ n t + 2α and
The restrictions, of the normal bundle to the unstable stratum, to fixed point components are given by the pullbacks of N + and N − respectively, tensored with O(1).
Using the notation of §2.3, the image of H j−2λ(β) G (S β ) for the unique unstable stratum S β in H * G (P 1 ) is generated by
for some c ∈ Q, because ξ n generates the kernel of the restriction homomorphism
by direct calculation. It is an elementary exercise to check that the two polynomials in (3.3) and ξ n ρ are pairwisely coprime and hence the Poincaré polynomial of the quotient ring of Q[ξ, α 2 , ρ] by the ideal generated by the three polynomials coincides with (3.2). Therefore, the three polynomials generate the relation ideal for H *
. From the condition that the three polynomials generate the relations in (3.1), it is easy to deduce that c = 0. So we proved
as desired.
In [1], Behrend and O'Halloran prove that H
where b, t are degree 2 generators and k is a degree 4 generator. Here, G n denotes three polynomials defined recursively by the matrix equation G n = A n−1 G 1 , where
This presentation is equivalent to ours by the following change of variables
Finally, the Picard group of P 0 is Z and the group Pic(P 0 ) G of equivariant line bundles is a subgroup because the acting group is G = SL(2). Hence, Pic(P 0 ) G = Z. By the blow-up formula of the Picard group [8, II, §8], we obtain Pic(M 0,0 (P n−1 , 2)) ∼ = Pic(P s 1 ) G = Z 2 for n ≥ 3 because the blow-up center is invariant. The first isomorphism comes from Kempf's descent lemma [4] . When n = 2, M 0,0 (P n−1 , 2) is P 2 and hence the Picard group is Z.
A birational transformation
In this section, we study a birational transformation that will be used in the subsequent section.
Let V i = C n for i = 1, · · · , r and let V = ⊕ r i=1 V i . For z ∈ V , we write z = (z 1 , · · · , z r ) with z i ∈ V i . For any subset I ⊂ {1, · · · , r}, we let
for k ≤ r. We will blow up V , r times and then blow down (r − 1) times to obtain r i=1 O PVi (−1), a rank r vector bundle on (P n−1 ) r . The blow-ups are defined inductively as follows. Let X 0 = V . For 1 ≤ j ≤ r, let π j : X j → X j−1 be the blow-up ofΣ is the exceptional divisor of π j . We claim then that X r can be blown down first alongΣ 
C n and the blow-ups described above give us the corresponding blow-ups of ⊕ r−1 i=1 C n . By considering an affine open cover of P n−1 and by the induction hypothesis, we see that after (r − 1) more blow-ups and (r − 2) blow-downs, U i becomes
where − → e 1 , · · · , − → e r−1 are standard basis vectors. Therefore, after r blow-ups and (r − 2) blow-downs, V becomes a smooth projective variety X 2r−2 which admits an open covering
. By checking the transition maps at general points, we see that X 2r−2 is the total space of O(−1) over P(⊕ r i=1 O(− − → e i )) over (P n−1 ) r . Hence, X 2r−2 is the blow-up of ⊕ r i=1 O(− − → e i ) over (P n−1 ) r along the zero section. Hence we can blow down X 2r−2 further to obtain
Remark 4.2. More generally, let E → X be a fiber bundle locally the direct sum of r vector bundles of rank n. Then we can similarly defineΣ k 0 and perform r blowups and (r − 1) blow-downs as above. Proposition 4.1 holds true in this slightly more general setting by the same proof.
Main construction
Let n ≥ 2 and
be the space of homogeneous polynomials of degree d in two variables t 0 , t 1 ∈ H 0 (P 1 , O (1)). We will frequently drop the subscript d for convenience. The identity element C → Hom(W, W ) = W ⊗ W * gives us a nontrivial homomorphism
and thus we obtain a rational map 
Since this map is clearly SL(2)-invariant, we obtain a rational map
In this section, we prove the following.
Theorem 5.1. For d = 3, the birational mapψ 0 is the composition of three blow-ups followed by two blow-downs. The blow-up centers are respectively, P n−1 , M 0,2 (P n−1 , 1)/S 2 (where S 2 interchanges the two marked points) and the blow-up of M 0,1 (P n−1 , 2) along the locus of three irreducible components. The centers of the blow-downs are respectively the S 2 -quotient of a (P n−2 ) 2 -bundle on M 0,2 (P n−1 , 1) and a (P n−2 ) 3 /S 3 -bundle on P n−1 .
In the subsequent section, we will compute the cohomology ring of M 0,0 (P n−1 , 3) using this construction.
Stratification of P
s . An element ξ ∈ P is represented by a choice of n sections of
If there is no base point (i.e. common zero) of ξ, we get a regular morphism ϕ 0 | P 1 ×{ξ} from P 1 to P n−1 of degree d and thus ψ 0 :
) is well-defined at ξ. Let us focus on the d = 3 case, from now on. The following is immediate from the Hilbert-Mumford criterion for stability [14] .
Lemma 5.2. (1) Semistability coincides with stability, i.e. P ss = P s . (2) P s consists of ξ ∈ P which has no base point of multiplicity ≥ 2.
Let P 0 = P s . We decompose P s by the number of base points:
where Σ k 0 is the locus in P 0 of ξ with k base points for k = 0, 1, · · · , d. We put the subscript 0 is to keep track of the blow-ups and -downs in what follows. When it is necessary to specify the degree d, we shall write P j (d) for P j and Σ are locally closed smooth subvarieties of P 0 whose SL(2)-quotients are respectively, P n−1 , M 0,2 (P n−1 , 1)/S 2 and M 0,1 (P n−1 , 2). The deepest stratum is easy to describe. In order to have three base points, ξ must be represented by a rank 1 homomorphism in P(V ⊗ W ) = P Hom(V * , W ). Since any rank 1 homomorphism factors through C, the locus of rank 1 homomorphisms in P Hom(V * , W ) is PV × PW and hence
It is important to remember that the stabilizer in P GL(2) = SL(2)/{±1} of a point ξ in Σ 3 0 is the symmetric group S 3 . This group will act nontrivially on the exceptional divisors after blow-ups.
For Σ 1 0 and Σ 2 0 , we consider the multiplication morphism (5.7)
s where the superscript s denotes the stable part with respect to the SL(2)-action on O(1, 1). Furthermore,
It is easy to see that the tangent map of Φ k is injective over the open locus of distinct (or no) base points in P(C n ⊗ C 4 ), and hence we obtain an isomorphism [
is the space of holomorphic maps P 1 → P n−1 of degree 3 − k. Let P 3 be the blow-up of P 2 along the smooth subvarietyΣ (2) is the blow-up of the GIT quotient P 2 × P(C n ⊗ C 2 )// (1,1) SL(2) with respect to the linearization O(1, 1), along P 2 ×P 1 ×P n−1 // (1,1,1) SL(2) with respect to the linearizaiton O (1, 1, 1) . (2) and second along the proper transform of
Proof. We claim that for k = 1, 2, the morphism
are smooth, it suffices to show that the induced map (2) is isomorphic to the blow-up of the GIT quotient P 2 × P(C n ⊗ C 2 )// (1,1) SL(2) with respect to the linearization O(1, 1), along P 2 × P 1 × P n−1 // (1,1,1) SL(2) with respect to the linearizaiton O (1, 1, 1) . Similarly, we obtain (2).
In other words, it is PSym 2 (U) over the Grassmannian Gr(2, n) where U is the universal rank 2 bundle. In particular, the Poincaré polynomial ofΣ (2) is the blow-up of M 0,1 (P n−1 , 2) along the locus of three irreducible components. This locus is the S 2 -quotient of the fiber product P(O ⊕n /O(−1))× P n−1 P(O ⊕n /O(−1)). In particular, the Poincaré polynomial ofΣ 1 2 /SL(2) is that of (2) is the Grassmannian Gr(2, n) and the quotient (2) with respect to the linearization O(1, m) for m > 2 is PSym 2 (U) over the Grassmannian Gr(2, n) where U is the universal rank 2 bundle. We study the variation of GIT quotients as we vary our linearization from O(1, 1) to O(1, m) with m > 2. (See [17, 3] .) There is only one wall at m = 2 and the flip consists of only the blow-up along P 2 × P 1 × P n−1 // (1,1,1) SL(2) with respect to the linearizaiton O (1, 1, 1) . See §2.5.
(2) By the degree two case in §3, we have
where the linearization is π *
. There is only one wall at m 0 = 1/2ǫ as we vary the linearization from (1, 1 ǫ ) to (1, m · 1 ǫ ) with m >> 0. It is straightforward to check that the blow-up and blow-down of the GIT variation at m 0 = 1/2ǫ are precisely the blow-up along the proper transform of P 1 × P 1 × P(C n ⊗ C 2 )// (1,1,1) SL(2) and the blow-down to the locus of stable maps with three irreducible components.
5.3. Blow-downs. Now we show that P 3 can be blown down twice. First, note that locally the normal bundle toΣ 2 1 is the direct sum of two vector bundles, say V 1 ⊕ V 2 , and the normal cone inΣ
Hence the proper transform of Σ 2 1 in P 3 is the blow-up of P(V 1 ⊕ V 2 ) along PV 1 ⊔ PV 2 , which is a P 1 -bundle on PV 1 ×Σ2 1 PV 2 . From §4, we can blow down along this P 1 -bundle to obtain a complex manifold P 4 with a locally free action of SL(2). The proper transform ofΣ 2 1 in P 4 is a (P n−2 ) 2 -bundle onΣ 
From §4, we can blow down P 4 further along the proper transformΣ (2)-quotient. In this subsection, we prove that there is a family of stable maps of degree 3 to P n−1 parameterized by P 3 so that the rational map ψ 0 : P 0 M 0,0 (P n−1 , 3) extends to a morphism ψ 3 : P 3 → M 0,0 (P n−1 , 3). Furthermore, ψ 3 factors through the blow-downs P 3 → P 4 → P 5 and we obtain an SL(2)-invariant map ψ 5 : P 5 → M 0,0 (P n−1 , 3). The induced mapψ 5 : P 5 /SL(2) → M 0,0 (P n−1 , 3) is bijective and thus a homeomorphism because P 5 /SL(2) is compact and M 0,0 (P n−1 , 3) is Hausdorff. In summary, we have the following diagram. and let µ 1 : Γ 1 → P 1 × P 1 be the blow-up along the three sections which is a codimension 2 subvariety. Let
where E 1 is the exceptional divisor of the blow-up µ 1 . Then the evaluation homomorphism ev
vanishes along E 1 by construction. Obviously Γ 1 → P 1 is a flat family of semistable curves of genus 0. Let
be the composition of ϕ 1 with the obvious morphism Γ 1 × P1 P 2 → Γ 1 . Over the divisorΣ 2 2 , there are two sections on Γ 1 × P1 P 2 where ϕ ′ 2 is not defined. Let µ 2 : Γ 2 → Γ 1 × P1 P 2 be the blow-up along the two sections. Certainly Γ 2 is a family of semistable curves of genus 0 and the pullback ev
where E 2 is the exceptional divisor of µ 2 , since ev
P n−1 be the composition of ϕ 2 with the obvious morphism Γ 2 × P2 P 3 → Γ 2 . Let µ 3 : Γ 3 → Γ 2 × P2 P 3 be the blow-up of the section of undefined points of ϕ 3 . Then Γ 3 is a family of semistable curves of genus 0 parameterized by P 3 and the pull-back ev
where E 3 is the exceptional divisor of µ 2 . We claim ev 3 is surjective and thus ϕ 3 = ϕ ′ 3 • µ 3 is a morphism extending ϕ 0 .
Indeed, we can check this by direct local computation. For example, let (a j ) = 0 in C n and let x = (a j t 0 t 1 (t 0 + t 1 )) 1≤j≤n be a point in Σ
, not parallel to (a j ), consider the curve
) 1≤j≤n,λ∈C in P 0 passing through x at λ = 0. If we restrict the above construction to C, then Γ 1 at λ = 0 is the comb of four P 1 's and the restriction of ev 1 to each irreducible component is respectively given by
for homogeneous coordinates t 0 , t 1 of P 1 . Hence there is no base point of ev 1 and the stable map to P n−1 thus obtained depends only on the three points in P n−2 corresponding to (b j ), (c j ) and (d j ). Next, let (a j ), (b j ) = 0 and (a j ) ∦ (b j ) in C n and let x = ((a j t 0 + b j t 1 )t 0 t 1 ) 1≤j≤n be a point in Σ This represents a curve passing through x at λ = 0. Then Γ 2 restricted to λ = 0 is the union of three lines and they are mapped to P n−1 by
This obviously is a stable map to P n−1 . Finally, suppose (c j ) = (0) in the above case. This is the case where you choose the normal direction to Σ 2 1 contained inΣ 1 1 . Then the fiber corresponding to λ = 0 in Γ 2 has three irreducible components and the evaluation maps on the components are respectively (
So still there is a point (in the second component) at which the map to P n−1 is not well-defined. We choose a curve in P 2 to this point, whose direction is normal to Σ 1 2 . This amounts to considering the limits of D µ = ((a j t 0 + b j t 1 )t 0 t 1 + λµe j t 3 0 + λd j t 3 1 ) 1≤j≤n,λ∈C , µ ∈ C for some (e j ) not parallel to (a j ). By the previous case, for µ = 0, the fiber of D µ in Γ 2 at λ = 0 has three components and they are mapped to P n−1 respectively by (a j t 0 + b j t 1 ), (a j t 0 + µe j t 1 ), (b j t 0 + d j t 1 ).
So we have a family of nodal curves parameterized by µ ∈ C and stable maps from E µ | λ=0 for µ = 0. The construction of Γ 3 blows up the only base point (t 0 : t 1 ) = (0 : 1) in the second component for µ = 0 and ev 3 becomes (a j t 0 + b j t 1 ), (a j ), (a j t 0 + e j t 1 ), (b j t 0 + d j t 1 )
by the elementary modification. If we contract down the constant component, then we get a stable map of three irreducible components (a j t 0 + b j t 1 ), (a j t 0 + e j t 1 ), (b j t 0 + d j t 1 ).
By checking case by case as above, we conclude that ev 3 is surjective and ψ 3 factors through a holomorphic map ψ : P 5 → M 0,0 (P n−1 , 3). The bijectivity of ψ 5 can be also checked by case by case local computation as above. We omit the cumbersome details.
When n = 2, the third blow-up map π 3 is an isomorphism sinceΣ 1 2 is a divisor and π 2 is canceled with π 4 while π 1 is canceled with π 5 . Therefore,ψ 0 is an isomorphism and we have M 0,0 (P 1 , 3) ∼ = P 0 /G = P(Sym 3 (C 2 ) ⊗ C 2 )//SL(2).
Remark 5.7. In fact, P 5 /SL(2) is a projective variety andψ is an isomorphism of varieties. This follows directly from the Riemann existence theorem [8, p.442 ].
Remark 5.8. The above proof shows that P 5 is an open subset of M 0,0 (P 1 × P n−1 , (1, 3) ) because the family of stable maps parameterized by P 3 constructed above, have distinguished component P 1 coming from ϕ 0 : P 1 × P 0 P n−1
and the induced map P 3 → M 0,0 (P 1 × P n−1 , (1, 3) ) factors through an inclusion P 5 → M 0,0 (P 1 × P n−1 , (1, 3) ).
6. Cohomology ring of M 0,0 (P n−1 , 3)
We compute the cohomology of M 0,0 (P n−1 , 3) by using Theorem 5.1.
6.1. Betti numbers. We compute the Poincaré polynomial of M 0,0 (P n−1 , 3) in this subsection. We use the notation P t (X) = t k dim H k (X) and P G t (X) = t k dim H k G (X) for a topological space X. Let G = SL (2) .
From §2.3, the equivariant Poincaré series of P 0 is
(1 − t 2 )(1 − t 4 ) .
By the blow-up formula, we have
since the blow-up center Σ 3 0 has quotient P n−1 . Similarly, becauseΣ 2 1 /G is a P 2 -bundle over the Grassmannian Gr(2, n), we get P G t (P 2 ) = P (1 + t 2 + t 4 ) (1 − t 2n )(1 − t 2n−2 )
SinceΣ 1 2 /G is the blow-up of M 0,1 (P n−1 , 2) along P n−2 × S2 P n−2 bundle on P n−1 , we have
(1 − t 2 ) 3 .
The map P 3 /G → P 4 /G contracts the proper transform of the exceptional divisor of the second blow-up,Σ (1 − t 2 )(1 − t 4 ) .
Cohomology ring.
Since we know how to compare the cohomology rings before and after a blow-up and we know H to the center of the second blow-up is an isomorphism and the codimension is infinite. Hence, we have
